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Abstract 



Different forms of the metric for the Kerr-NUT-(anti-)de Sitter space-time are 

■ being widely used in its extension to higher dimensions. The purpose of this note 

is to relate the parameters that are being used to the physical parameters (mass, 

| rotation, NUT and cosmological constant) in the basic four dimensional situation. 
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The important family of Kerr-NUT-(anti-)de Sitter space-times have recently been 
qh generalised to arbitrary higher numbers of dimensions [I]- [3]- These space-times are being 
widely investigated and some of their particular properties have already been found (see 
[l]-[7] and references therein). However, in many of these investigations, the physical 
significance of the parameters employed have not been clarified - even in the standard 
4-dimensional background. The purpose of this note is simply to identify the parameters 
of this family of solutions in the 4-dimensional case. 

The form of the metric for the Kerr-NUT-(anti-)de Sitter family of space-times that 
has been employed reduces in four dimensions to 

d* 2 = -^r- 2 (dr - p 2 daf + ~^- 2 (dr + r 2 da) 2 + r —^- dp 2 + dr 2 , (1) 

r z + p z r z + p z P Q 

where P(p) and Q(r) are quartic functions whose coefficients are related in a specific 
way. For physically significant (black hole-type) solutions, P and Q must have at least 
two roots. To maintain a Lorentzian signature, it is necessary that P > 0, and so p is 
constrained to the appropriate range between the roots (poles). The roots of Q correspond 
to the horizons. 
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First form 



In [1] and [SJ, the metric functions have been expressed in the form 

P = k + 2np-tp 2 - ±Ap 4 , Q = k- 2mr + er 2 - ±Ar 4 , (2) 

where A is the cosmological constant, and the four parameters m, n, k and e are related 
to the mass of the source, the rotation parameter a and the NUT parameter I, with one 
freedom of scaling. 

In fact these solutions are members of the Plebahski-Demiahski [8] family, which have 
recently been described in detail in |9J. Taking the vacuum, non-accelerating solutions, 
the expressions ([2]) are obtained in the notation of [H] by scaling u — 1. In this case, m 
represents the mass of the source, and the other parameters are related to the physical 
parameters (a, I, A) as 



a 



(a 2 + 6Z 2 )±A, 



n = I 



a + (a 2 -4/ 2 )|A 



k = (a 2 -/ 2 )(a -/ 2 A), (3) 



where ao > to ensure that P > between its appropriate roots. It is then convenient 
to use the remaining scaling freedom to put ao = 1. This is achieved by putting 



1/2 ~ 

V = «o P, 
k — — (Xq k j 



1/2 ~ 

r = a r, 

3/2 ~ 

n = an n. 



r = a, 



-1/2 = 



3/2 ~ 

m = a m 



a = a. 



-3/2 ~ 



a. 



a e, 



(4) 



and subsequently ignoring the tilde. 

With ao = 1, the equations (j3J) identify the physical meaning of the parameters of (j2J). 
Of course, these relations between the parameters of (j2J) and the "genuine" physical param- 
eters are not unique. But they are correct to the extent that the resulting metric reduces 
to the Kerr-(anti-)de Sitter metric when I = and the NUT-(anti-)de Sitter metric when 
a = 0. With these identifications, the metric functions ([2]) take the forms 

P = [a 2 - (p - If] [l + (p - 0(P + 3 0|A] , 

Q = a 2 - I 2 - 2mr + r 2 - [3/ 2 (a 2 - I 2 ) + (a 2 + 6/ 2 )r 2 + r 4 ] |A. 

This clearly identifies the required roots of P, and it is appropriate to make the substitu- 
tions 

(a + Z) 2 



p = I + a cos 9, 



T = t- 



O = , 

a 



where 9 G (0, 7r), so that the metric ([T]) becomes 

Q r 



ds z = — 



Q 1 



dt - (a sin 2 9 + 41 sin z 



+ 



P sin 2 9 



2 A 2 

+ Q dr 



(5) 



adt 



r 2 + (a + /) 2 )d0] +^d0 



where 



q 2 = r 2 + (I + a cos ( 



p = 1 + |Aa/ cos # + |Aa 2 cos 2 9. 



This nicely reduces to the familiar forms in all the particular subcases. 
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Second form 



In other recent papers, such as pQ, [2], [H] and [7] the metric functions (in 4D) have been 
expressed in the alternative form 



P = {A 2 - p 2 ){l + \kp 2 ) + 2Lp, Q = (A 2 + r 2 )(l 



§Ar 2 ) 



2Mr, 



(6) 



where M, A and L are different constant parameters. When L = and p = A cos 8, this 
reduces to the Kerr- ( ant i-)de Sitter solution in which M is the mass m of the source 
and A is the rotation parameter a. However, these parameters do not generally have this 
identification. 

By comparing coefficients in the quartics and ©, it can be seen that 



M 



A 2 = k, 



with the additional constraint that e = 1 — §AA 2 . In this case, the metric functions 
([6]) have the same number of parameters as physical parameters, so no scaling freedom 
remains. By inserting the expressions ([3]) into this additional constraint, we obtain that 



a 



l + (q 2 + 3l 2 )§A 
l + (a 2 -/ 2 )±A 



+ / 2 A 



Z 2 A 



7 



Z 2 )A 



3 + (a 2 -Z 2 )A' 



This expression is required to be positive, which it generally is. After inserting this into 
([3]), the final expressions for the parameters of are given by 



,4' 2 



(« 2 -< 2 ) ft 



l + (a 2 + 3/ 2 )|A^ 



+ a 2 



Z 2 )|A 



I 



l + (^ + 3/^A + (n2 _ ;2)|A 



l + (a 2 -/ 2 )|A 



This gives the correct Kerr- ( ant i-)de Sitter solution when I = 0, but the NUT-(anti-) 
de Sitter solution requires a negative value for A 2 . However, as this is just a parameter 
of (J6]), there is no reason why it should not take negative values when a 2 < I 2 . With 
this identification of parameters, the metric can be transformed to the form (jSJ) after first 
applying the rescaling (j3J). 

It has been shown in [TU] that the Kerr-NUT family of solutions have to be distin- 
guished into two types. Firstly, there are Kerr-like solutions with a small NUT parameter 
for a 2 > I 2 . These have a curvature singularity at r = 0, cos^ = —Ija so that r £ (0, oo). 
And secondly, there are NUT-like solutions with a small rotation for a 2 < I 2 . These have 
no curvature singularity so that r 6 (— oo, oo). The solutions expressed using the notation 
of ([()]) represent the first type when A 2 > and the second type when A 2 < 0. 
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